Direct comparison between stellar and solar magnetic maps are hampered by their dramatic differences in resolution. Here, we present a method to filter out the smallscale component of vector fields, in such a way that comparison between solar and stellar (large-scale) magnetic field vector maps can be directly made. Our approach extends the technique widely used to decompose the radial component of the solar magnetic field to the azimuthal and meridional components as well. For that, we self-consistently decompose the three-components of the vector field using spherical harmonics of different l degrees. By retaining the low l degrees in the decomposition, we are able to calculate the large-scale magnetic field vector. Using a synoptic map of the solar vector field at Carrington Rotation CR2109, we derive the solar magnetic field vector at a similar resolution level as that from stellar magnetic images. We demonstrate that the large-scale field of the Sun is not purely radial, as often assumed -at CR2109, 83% of the magnetic energy is in the radial component, while 10% is in the azimuthal and 7% is in the meridional components. By separating the vector field into poloidal and toroidal components, we show that the solar magnetic energy at CR2109 is mainly (> 90%) poloidal. Our description is entirely consistent with the description adopted in several stellar studies. Our formalism can also be used to confront synoptic maps synthesised in numerical simulations of dynamo and magnetic flux transport studies to those derived from stellar observations.
INTRODUCTION

Small-scale structures of magnetic fields
Studies of solar magnetism have provided us with fantastic spatial (i.e., enabling us to resolve small-scale structure of the solar magnetic fields) and temporal (with cadences reaching less than a minute) resolutions. Studying magnetism in stars, although more observationally challenging, is equally rewarding. In particular, imaging the magnetic field of solar-type stars, despite being less detailed, allow us to put the Sun in a much more general context. Solar observations have revealed a multitude of details of the solar photospheric magnetic field. Although observations have not yet fully resolved all the solar magnetic structures, these structures are seen in a wide dynamical range: small-scale structures organised into ephemeral regions, network features and internetwork features (as small as a few 1000 km, Meyer et al. 2011 ) form the magnetic carpet of the quiet Sun. As the Sun moves towards increasing activ-E-mail: Aline.Vidotto@tcd.ie ity in its cycle, sunspots start to show up more frequently in the solar photosphere. Sunsposts appear in pairs of opposite magnetic polarity and group together, forming active regions that are then distributed at low latitudes over the solar surface. The stellar counterparts to the solar smallsized magnetic features are currently not resolved in images of stellar magnetism.
The main technique used to image stellar surface magnetic field is the Zeeman Doppler Imaging (ZDI) technique. This technique consists of analysing a series of circularly polarised spectra (Stokes V) to recover information about the large-scale magnetic topology, including its intensity, orientation and how this field is distributed over the stellar surface (Donati & Brown 1997) . In practice, the star is observed during several rotation cycles. Then, the timeseries of high-resolution Stokes V profiles is inverted into a surface magnetic map. ZDI studies have demonstrated that cool dwarf stars harbour at their surfaces large-scale magnetic fields with a wide variety of intensities and topologies (e.g. Donati The ZDI technique is able to reconstruct the topology (polarity and orientation) of the stellar magnetic field through the stellar surface. However, these images have much lower resolution than solar magnetic field maps due to several factors, such as the temporal sampling of the observations, their achieved signal-to-noise ratio, the intrinsic width of the (local) stellar line profile and the resolution of observations. Regarding the latter, magnetic fields of different polarities within an angular resolution element cancel each other out.
1 As a result, small-scale structures cannot be seen by ZDI, which instead is able to map only the largescale magnetic field (Johnstone, Jardine & Mackay 2010; Arzoumanian et al. 2011; Lang et al. 2014 ).
Synoptic maps of solar and stellar magnetic fields
Synoptic maps of vector magnetic fields are one of the outputs of the ZDI technique. Through its spectropolarimetric monitoring during several stellar rotation cycles, ZDI can reconstruct the surface large-scale vector field in its three components: radial Br, meridional B θ (North-South) and azimuthal Bϕ (East-West) components (Figure 1) . Surprisingly, and in spite of the significant advances in solar observations for over half a decade, only the strength and the line-of-sight (LOS) component of the solar magnetic field have been systematically measured. Vector magnetic fields at the photosphere are available, but mainly for localised small areas of the solar surface (e.g., active regions Zhang 2006; Bobra et al. 2014) . Full-disk vector magnetograms, which are required to create synoptic maps of the vector solar field, have just recently started to be measured with the Helioseismic and Magnetic Imager (HMI, Pesnell, Thompson & Chamberlin 2012; Hoeksema et al. 2014) at the Solar Dynamics Observatory and by the Synoptic Optical Long-term Investigations of the Sun (SOLIS Keller, Harvey & Giampapa 2003) at the National Solar Observatory. The global capabilities of these instruments will provide us a unique opportunity to observe the large-scale spatial distribution of vector magnetic fields across the solar surface (Mackay & Yeates 2012) .
Although synoptic maps of the stellar vector field exist for a couple of decades and have been derived for hundreds of systems (e.g. Donati & Collier Cameron 1997; Donati et al. 1999 Donati et al. , 2006b Donati & Landstreet 2009) , there are significantly fewer synoptic maps of the vector field of the Sun. Earlier synoptic maps of the vector solar field were created on the basis of the rotational modulation of LOS magnetograms (Pevtsov & Latushko 2000; Wang & Zhang 2010 , also called "pseudo-vector reconstruction method"). With this method, these authors assumed that the field on large spatial scales does not change over several days. Because of this assumption, these early synoptic maps reconstructed only large-scale magnetic fields of the Sun. More re-cently, Gosain et al. (2013) used daily full-disk vector magnetograms from the SOLIS/VSM spectrograph to reconstruct the vector solar field of a series of 23 Carrington Rotations. This is a significant advance compared to the large majority of synoptic charts of the solar magnetic field, which are restricted to the LOS component of the solar magnetic field, used to derive Br. An important conclusion reached by Gosain et al. (2013) is that the solar magnetic field is not normal (i.e., purely radial) to the surface at the photospheric level. This is somewhat disturbing, as the assumption that the solar magnetic fields are purely radial are used in several studies.
With the new existing capabilities in producing vector synoptic fields, we can now start to investigate the behaviour of the meridional B θ and azimuthal Bϕ components of the solar magnetic field and investigate how the three magnetic field components in the Sun compare to the ones derived in stellar observations (e.g., Figure 1 ). However, direct comparison between stellar and solar magnetic field topologies are hampered by their dramatic differences in resolutions. To provide a direct comparison between solar and stellar magnetic field synoptic maps, it is first required to 'filter out' the small-scale field (i.e., the finely resolved magnetic features) of the solar observations, since this component is currently not accessible to ZDI studies. After this, we are left with only the solar large-scale field, whose spatial scale is comparable to those achieved by stellar observations. One way to filter out the small-scale structure of the solar field is to express the solar magnetic field as spherical harmonics of different l degrees, up to a maximum degree lmax. The smallest l degrees represent the largest-scale components, e.g., l = 1 for the dipole, l = 2 for the quadrupole, l = 3 for the octupole and so on. By retaining only the components of low l degrees in the spherical harmonics decomposition, we are then able to calculate the large-scale component of the magnetic map. This approach has been extensively applied to the LOS and radial components of the solar field (e.g. Sanderson et al. 2003; DeRosa, Brun & Hoeksema 2012) . The choice of lmax is related to the spatial resolution of the maps. In high-resolution solar synoptic maps, lmax = 192 (DeRosa, Brun & Hoeksema 2012) , while in stellar synoptic maps, lmax 10 ( Johnstone et al. 2014) , quantitatively demonstrating the large-scale nature of the currently available ZDI measurements. In the map shown in Figure 1 , for example, lmax = 6 (Morin et al. 2010) .
To the best of our knowledge, a mathematical description of the solar magnetic field using spherical harmonics is currently only available for its radial component, limiting us to draw analogies between solar and stellar fields only for the radial large-scale magnetic field component. In this paper, we extend the currently available mathematical description of Br to B θ and Bϕ components. Our description is entirely consistent with the description adopted in several ZDI studies (e.g. Donati et al. 2006b Donati et al. , 2015 Morin et al. 2010; Fares et al. 2012; Morgenthaler et al. 2012 ) making it straightforward to compare the large-scale magnetic field vector of the Sun at the same resolution of stellar studies. In practice, with the set of equations we derive in the present study, one will be able to derive the spherical harmonics coefficients from a synoptic map of the vector field (either from solar observations or synthesised in numerical simulations of dynamo and magnetic flux transport stud- (Morin et al. 2010 ) using the ZDI technique. From left to right: the radial, meridional (North-South) and azimuthal (East-West) components. This synoptic map is expressed in terms of spherical harmonics up to the maximum degree lmax = 6. ies), filter out the large l-degrees (i.e., keeping the degrees that represent the large-scale field) and reconstruct only the large-scale field component. Alternatively, by filtering out the small l-degrees (i.e., keeping the degrees that represent the small-scale field), one can also study the small-scale field distribution.
This paper is divided as follows: Section 2 presents the method we use to decompose the magnetic field vector using spherical harmonics and its inversion. Section 3 illustrates applications of our method and Section 4 presents a discussion and our conclusions.
MAGNETIC FIELD DECOMPOSITION USING VECTOR SPHERICAL HARMONICS
The mathematical description used by ZDI
The ZDI technique consists of reconstructing the stellar surface magnetic field based on a series of circularly polarised spectra (Donati & Brown 1997) . Several implementations of the technique exist (e.g., Donati & Collier Cameron 1997; Hussain et al. 2002; Donati et al. 2006b; Kochukhov & Wade 2016) . In this work, we follow the implementation from Donati et al. (2006b) . In this implementation, ZDI solves for the radial Br, meridional B θ and azimuthal Bϕ components of the stellar magnetic field, expressed in terms of spherical harmonics and their colatitude-derivatives
where
2 Similar sets of equations are also used by Kochukhov et al. (2014) . Note that only the real part of equations (1) to (3) are used. We also note that Equations (1) and (2) have different signs as those in Donati et al. (2006b) , because of different coordinate systems adopted. In the present paper, radial field points outwards, the meridional (θ) component increases from North to South poles and the azimuthal (ϕ) component increases in the direction of rotation (increasing longitude or decreasing rotational phase).
P lm ≡ P lm (cos θ) is the associated Legendre polynomial of degree l and order m. α lm , β lm , γ lm are the coefficients that provide the best fit to the spectropolarimetric data and are such that Equations (1) to (3) Kochukhov et al. 2014 ) define Y lm (θ, ϕ) = c lm P lm (cos θ)e imϕ , where c lm is a normalisation constant
In our Equations (4) to (6), c lm is absorbed in the definition of P lm (cos θ).
Inversion of the magnetic field equations
The large majority of solar synoptic maps provide only the LOS magnetic field component of the solar photosphere. This component is then transformed in a radial component Br. Several solar observatories provide the spherical harmonic coefficients α lm , so that to obtain the radial distribution of solar magnetic field Br(θ, ϕ), one should use Equation (1). Alternatively, when solar observatories provide the distribution of Br(θ, ϕ), usually in the form of a bi-dimensional array stored in a fits file format, one can invert Equation (1) Sanderson et al. 2003; Petrie 2013) . It is straightforward to invert Equation (1), using the mathematical properties of the associated Legendre polynomials (e.g. Altschuler & Newkirk 1969; Altschuler et al. 1977) . However, since most solar synoptic maps have only provided the radial component of the solar magnetic field, the inversion of Equations (2) and (3) to obtain the coefficients β lm and γ lm has not been derived in the literature to the best of our knowledge. In this section, we present a derivation of the coefficients α lm , β lm and γ lm , from a bi-dimensional distribution of the surface Br, B θ and Bϕ. Before doing that, we present next a couple of orthogonal properties of vector spherical harmonics that will be used in our derivations.
Orthogonal properties of the vector spherical harmonics
The vector spherical harmonics obey the following orthogonal properties (Barrera, Estevez & Giraldo 1985; Carrascal et al. 1991) :
where the superscript " * " denotes complex conjugate, dΩ = sin θ dθ dϕ the surface area element, W a normalisation constant and δ is the Kronecker delta function. Therefore, the surface integrals in Equations (8) and (9) are only non-null when l = l and m = m . The vector spherical harmonics Y lm and Ψ lm are given by
and
where Equations (5) and (6) were used in the last equality. In the present study, given that c lm is already absorbed in the definition of P lm , the normalisation constant is W = 1, but different normalisations are adopted across different disciplines (Altschuler & Newkirk 1969) . We take r to be the normalised stellar radius and adopt r = 1 from now on. From Equations (9) and (11), we have
Derivation of α lm
The coefficients α lm , β lm and γ lm are complex numbers, which are decomposed into their real and imaginary parts (e.g., α lm = (α lm ) + i (α lm )). Here, for completeness, we derive the equations to compute α lm , noting that this derivation can also be found in many textbooks. To start, we multiply Equation (1) 
Therefore, from an observed distribution of Br(θ, ϕ), one can then solve for α lm using Equations (14) and (15).
Derivation of β lm
The process to derive the coefficients β lm and γ lm involves a longer mathematical manipulation, since they are part of two coupled equations. The trick to derive β lm is to multiply Equation (2) by Z * l m and Equation (3) by −X * l m and sum the resulting equations
We now integrate Equation (16) over the stellar surface to obtain
After some algebraic manipulation, we can demonstrate that the integral lm γ lm (Z * l m X lm −X * l m Z lm ) dΩ = 0, so that the second term on the right hand side is null (see Appendix A). Using the orthogonal property (12), Equation (17) becomes
Substituting Equations (5) and (6) into last equation, the real and imaginary parts of β lm become (dropping the prime symbols)
Derivation of γ lm
To derive γ lm we start by multiplying Equation (2) by X * l m and Equation (3) by Z * l m and summing the resulting equations:
We now integrate Equation (21) over the stellar surface to obtain
As the integral lm β lm (X * l m Z lm − Z * l m X lm ) dΩ = 0 (c.f. Appendix A), the first term on the right hand side is null. Using the orthogonal property (12), we thus have
Substituting Equations (5) and (6) into last equation, the real and imaginary parts of γ lm become (dropping the prime symbols)
(25) We provide in Appendix B the discretised forms of Equations (14), (15), (19), (20), (24), (25), to be used in numerical integrations.
Toroidal and poloidal field components
We can also express the vector magnetic field in terms of its poloidal and toroidal components, similarly to several stellar ZDI studies (Petit et al. 2008; Donati & Landstreet 2009; See et al. 2015; Vidotto et al. 2016 ) and following the decomposition used by Elsasser (1946) ; Chandrasekhar (1961, Appendix III) . The toroidal part of the field is associated with the terms with γ lm in Equations (1) to (3), i.e., the radial, meridional and azimuthal components of the toroidal field are, respectively Btor,r(θ, ϕ) = 0 ,
Btor,ϕ(θ, ϕ) =
Likewise, the radial, meridional and azimuthal components of the poloidal part of the field are
such that B pol + Btor = B. In the limit of a purely axisymmetric field (m = 0), the toroidal field has only azimuthal component and the poloidal field only has radial and meridional components (i.e., it lies in meridian planes). Using equations (29) to (31), we calculate the average squared poloidal component of the magnetic field B 
APPLICATION TO SOLAR SYNOPTIC MAPS OF THE VECTOR MAGNETIC FIELD
We illustrate the application of the equations we derived in Section 2 using a recently published synoptic map of the solar magnetic field produced with the SOLIS/VSM spectrograph (Gosain et al. 2013 ) and reproduced in the top row of Figure 2 . First, we decompose each component of the magnetic field distribution using spherical harmonics and compute α lm , β lm and γ lm using Equations (14), (15), (19), (20), (24), and (25). We adopt a maximum degree lmax = 150 in this exercise. Table 1 shows the coefficients computed for the first five harmonics degrees of the decomposition. Using these derived coefficients, we then compute the large-scale field by restricting the sums in Equations (1) to (3) up to l lmax = 5. The resulting large-scale solar vector field is shown in the second row of Figure 2 and in Figure 3 , where we overlay the magnetic vectors in the photosphere. We chose lmax = 5 because this is a typical maximum degree achieved in ZDI studies of stellar magnetism.
As one goes towards larger lmax values, the differences between the original image and the reconstructed one shall become increasingly small. As a proof-of-concept, we show in the bottom row of Figure 2 the reconstructed magnetic field with l 150. Note that most of the small-scale features that we see in the original synoptic map (top row) are already reconstructed at this high-l degree. For easier identification of these features, the contour levels of the top and bottom rows are saturated to ±30 G.
Additionally, for each l = [1, lmax], we compute the magnetic field distribution of each degree using Equations (1) to (3), i.e., the sums are restricted to a single degree l, with sums over orders |m| l. With that, we compute the average squared magnetic field (i.e., proportional to the magnetic energy)
The distributions of the average magnetic energies (radial, azimuthal and meridional) for each l-degree are shown in the top panel of Figure 4 , while the bottom panel shows the fractional energy. For l 40, more than 90% of the total magnetic energy at each degree is contained in the radial component. For l 40, the contribution from the azimuthal and meridional components at each spherical harmonic degree increases and, at l = 150, these components together are responsible for ∼ 45% of the magnetic energy. This shows that, as we go towards small-scale fields (increasing l), the azimuthal and meridional energies in each degree starts to become more significant, and that at large scales, the energy is mainly concentrated in the radial component. The peak at l ∼ 25 in the top panel of Figure 4 is related to spatial scales of ∼ 180 o /l 7 o , which coincides to the angular size of solar active regions. The peak in the radial magnetic energy is, therefore, likely linked to the moment when active regions start to be resolved.
Computing the (cumulative) magnetic energies for all degrees up to a given lmax = 150, we find that about 10% of the energy is in the azimuthal component, 7% is in the meridional component, and 83% is in the radial component. Our results demonstrate that the solar magnetic field is not purely radial. This could already be seen in the original synoptic map derived by Gosain et al. (2013, see also top panel of Figure 2 ).
It is also worth converting the vector field from spherical coordinates to poloidal and toroidal components, as the latter are the ones most often quoted in papers and the ones predicted by dynamo theories. The top panel of Figure  5 shows the poloidal and toroidal energies as a function of lmax. These energies were computed using Equations (26) to (31). Since these are cumulative energies, the energies increase with lmax. We also note that the dominant component of the field is poloidal: for lmax 40, more than 96% of the energy is poloidal, while for lmax 40, the poloidal energy varies monotonically from 96% to 91%. For comparison, the map shown in Figure 1 has a similar fraction of poloidal energy (89%) as the solar map at CR2109. Although the fractions of poloidal/toroidal fields are similar, the magnetic field distributions differ. Figure 5 demonstrates that the solar magnetic field during CR2109 is mainly poloidal and Figures 2 and 4 show that it is dominated by the radial component.
Lastly, we show in Figure 6 the poloidal and toroidal vector fields of the large-scale field of the Sun (lmax = 5). Since B pol,r ≡ Br and this is shown in the second row of Figure 2 , B pol,r is not repeated in Figure 6 . For l 5, 94.5% of the energy is contained in the poloidal component, which is highly non-axisymmetric, with only 4.6% of the energy in modes with m = 0 or m < l/2. Figure 2 ). We adopt a maximum degree lmax = 150 in the decomposition, but only present below the first five harmonics degrees, which are used to reconstruct the large-scale field of the Sun at CR2109 (middle row of Figure 2 ). 
DISCUSSION AND CONCLUSIONS
In this study, we derived a mathematical formalism to decompose any synoptic map of a vector magnetic field in terms of spherical harmonics. Given an observed bidimensional (longitude versus latitude) distribution of the vector magnetic field (Br, B θ and Bϕ components), we presented a self-consistent derivation of the spherical harmonics coefficients α lm , β lm and γ lm (Equations (14), (15), (19), (20), (24), and (25), or, in their discretised forms, Equations (B1) to (B6)). Our description is entirely consistent with the description adopted in several ZDI studies (e.g. Donati et al. 2006b ).
Synoptic maps of the vector field are currently available from solar (Gosain et al. 2013 ) and stellar (e.g. Donati et al. 2006b Donati et al. , 2015 Morin et al. 2010; Fares et al. 2012; Morgenthaler et al. 2012 ) observations and are also synthesised in numerical simulations of dynamo and magnetic flux transport studies (e.g. Işık, Schmitt & Schüssler 2011; Gibb, Jardine & Mackay 2016). Our method is particularly relevant for comparing the results of the lower resolution stellar syn-optic maps against the higher resolution solar or synthetic synoptic maps of the vector field. By filtering out the spherical harmonics with high degrees, our method allows one to transform high-resolution maps into maps with similar resolution as those derived in stellar studies, allowing, therefore, their direct comparison.
In Section 3, we provided an example of the use of the equations we derived by providing an application to the study of the solar magnetic fields. For that, we used a synoptic map of the vector field of the Sun reconstructed at Carrington Rotation CR2109 (Gosain et al. 2013) . We separated the large-and small-scale structure of the solar field by decomposing each component of the magnetic field distribution using spherical harmonics: we computed the spherical harmonics coefficients α lm , β lm and γ lm out to a maximum degree lmax = 150 (see Table 1 for the coefficients corresponding to the first five l-degrees of the spherical harmonics decomposition). Using these coefficients, we then computed the large-scale field by restricting the sums up to lmax = 5 in Equations (1) to (3) (see Figure 2 , second row). We have chosen lmax = 5 because this is a typical maximum degree achieved in ZDI studies of stellar magnetism.
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We showed that, at CR2109, the radial component of the solar magnetic field is the dominant one (Figure 4) , and that, for lmax = 150, 83% of the energy is in the radial component, while 10% is in the azimuthal and 7% is in the meridional components. The non-radial nature of the photospheric solar magnetic field was already shown by Gosain et al. (2013) and here we demonstrated that the large-scale field of the Sun is not purely radial either. By converting the vector field from spherical coordinates (which are easy to visualise) to poloidal and toroidal components (the ones most often quoted in papers and the ones predicted by dynamo theories), we showed that the solar magnetic energy at CR2109 is mainly (> 90%) poloidal ( Figure 5 ).
Another way to separate large-and small-scale fields is by segregating weak and strong field regions (associated with the large-and small scale fields, respectively) using a cut-off criterion in the magnetic field strength. This has been adopted in several studies (e.g., Zhang 2006; Gosain et al. 2013) , who considered the strong radial fields to have |Br| > 1000 G and weak fields to have 100 G < |Br| < 500 G. These approaches have the advantage of being straightforward and do not require long mathematical derivations such as the ones we presented here. The downside of approaches that use a cut-off in field strength is that they do not ensure the connectivity between the three magnetic components. For example, a region with |Br| > 1000 G does not necessarily have |B θ | or |Bϕ| > 1000 G; if the same cut-off threshold is used for the three components, the strong fields in the radial, meridional and azimuthal components might not be connected to the same spatial region in the star. In addition, each point in the solar photosphere is likely to be composed of fields with different scales, which together add up to the observed value. Therefore, one cannot associate regions with, e.g., |Br| > 1000 G to be formed of small-scale fields solely, as an underlying large-scale field is likely to be present. For this reason, we consider the use of the method presented here to provide a more reliable way to recover the solar large-scale magnetic field in its three components.
It is also interesting to study the variation of the observed azimuthal and meridional field components, as well as the toroidal/poloidal configurations, along the 22-yr solar cycle. Unfortunately, so far, the solar synoptic maps of the vector field are only available for Carrignton Rotations CR2109 to 2131 covering a period of less than 2 years (from 2011 March to 2012 December, Gosain et al. 2013) . We defer this study for the future, when large time baselines shall become available.
